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Introduction

• The Stress Intensity Factor (SIF or “K”) concept has proven its utility in various fracture mechanics problems 

and approaches

• SIFs have a direct relation to the energy release rate at the crack tip during expansion

• Properties needed to determine SIFs are readily available in most FEA packages

Displacement, stress, strain, strain energy density, etc.

• Many FEA packages have SIF extraction capability through various methodologies (J integral, Contour 

Integral, Domain Integral, etc.)

Abaqus, ANSYS, FRANC3D, MARC (PATRAN add-on), StressCheck

• Siemens NX/Simcenter has no SIF extraction capability

Simcenter has numerous other features making it desirable for many FEA projects

• Problem statement: Can a solver-agnostic tool be developed that extracts SIFs from any FEA package?
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Introduction

• Two SIF extraction methods were investigated:

Displacement Interpretation Method (DIM)

Contour Integral Method (CIM)

• Many other extraction methods exist but were not investigated:

J-integral

Disk integral

Domain integral

Crack tip opening displacement

Crack closure integral (various forms)

Virtual crack extension

Crack tip elements

Hybrid elements

• Problem requirement: use standard elements readily accessible by most (all) FEA packages

No p-elements

No crack tip elements

No quarter-point elements

H-elements only
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Models
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Models

0.5”

Ø=0.25”

F=500 lbs (σ=0.5ksi)

Symmetric Constraint

Fixed Constraint

7
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Models

“Slice” subtracted 

from body

Opening = 2°

5 rings, seed face 

size = 0.001”

~element length

= 0.005”

NX has a hard time 

with very small 

elements

8
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Crack Detail: Example

Model 1: NX makes 

31 elements radially

ds

𝑑𝑠 = 𝑅𝑑𝜃 =
2𝜋𝑅

# 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠

Max Radius of Integration:

Ø=0.01” (0.1*c)

radc,max=0.005”

Ring 1: radc = 0.001”, ds = 0.00002027”

Ring 2: radc = 0.002”, ds = 0.00004054”

Ring 3: radc = 0.003”, ds = 0.00006081”

Ring 4: radc = 0.004”, ds = 0.00081073”

Ring 5: radc = 0.005”, ds = 0.00101342”

x1 direction

x2 direction

9

Model 2: NX makes 77 

elements circumferentially

Ø=0.02475” (0.2475*c)

radc,max=0.012375”

Note: cleaner to have 

element edge/face on x1 

vector (not as pictured)
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Model Summaries

10

Model 1 Model 2 Model 3

Model 4 Model 5 Model 6

Tube Ø = 0.1*c

radc = 0.005”

31 radial elements

5 rings

DOFs: 601,932

Elements: 60,898

Tube Ø = 0.2475*c

radc = 0.01248”

77 radial elements

12 rings

DOFs: 1,844,088

Elements: 159,817

Tube Ø = 0.2475*c

radc = 0.01248”

31 radial elements

3 rings

DOFs: 1,061,442

Elements: 117,351

Tube Ø = 0.2475*c

radc = 0.01248”

12 radial elements

3 rings

DOFs: 254,034

Elements: 26,618

Tube Ø = 0.2475*c

radc = 0.01248”

20 radial elements

3 rings

DOFs: 564,426

Elements: 61,511

Tube Ø = 0.5*c

radc = 0.025”

20 radial elements

3 rings

DOFs: 337,104

Elements: 35,276

All large images are approximately to scale
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Displacement Interpretation Method (DIM)

11
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Displacement Interpretation Method (DIM)

𝐾 = lim
𝑟∗→0

𝑢2
𝐹𝐸𝑀(𝑟∗, 𝜃 = 𝜋)

𝐸′

4

2𝜋

𝑟∗

Δu2 is the relative crack opening 

displacement

Δu2 = Δu2,Face2 - Δu2,Face1

𝐾 = lim
𝑟∗→0

∆𝑢2
𝐹𝐸𝑀(𝑟∗, 𝜃 = 𝜋)

𝐸′

8

2𝜋

𝑟∗

𝐸′ = 𝐸 (𝑝𝑙𝑎𝑛𝑒 𝑠𝑡𝑟𝑒𝑠𝑠)

𝐸′ =
𝐸

(1 − ν2)
(𝑝𝑙𝑎𝑛𝑒 𝑠𝑡𝑟𝑎𝑖𝑛)

-OR-

12

From Finite Elements in 

Fracture Mechanics, M. Kuna, 

page 195
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Displacement Interpretation Method (DIM)
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13

Added layers do not necessarily guarantee convergence!
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Displacement Interpretation Method (DIM)

Model 1 @ 80 
degrees

r K1

0.005 402.97997

0.004 411.40213

0.003 411.48723

0.002 410.82536

0.001 405.985

Model 2 @ 80 
degrees

r K1

0.012 403.5041

0.011 404.634

0.01 405.7271

0.009 406.7818

0.008 407.7878

0.007 408.73

0.006 409.5838

0.005 410.3015

0.004 410.8074

0.003 410.8214

0.002 410.1709

0.001 402.1453

445.0907762

400

405

410

415

420

425

430

435

440

445

450

0 0.001 0.002 0.003 0.004 0.005 0.006

K
1
 (

p
s
i√

in
)

r*

Model 1 @ 80 degrees

Kexact

417.0628763
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K
1
 (
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s
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)

r*

Model 2 @ 80 degrees

Kexact

Fit with Model 1

r* Slope K/Intercept % error

0.005 402.98 -13.23%

0 -8422.16 445.0908 -4.16%

Fit with Model 2

r* Slope K/Intercept % error

0.012 403.5041 -13.12%

0 -1129.9 417.0629 -10.20%

14
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Displacement Interpretation Method (DIM)

• Method requirements:

Requires matching nodes on opposite sides of crack faces

Hex mesh along crack front not necessarily required (but does make matching nodes easier)

Extrapolation to r* = 0 required for all geometries

Ignore mid-nodes (makes post-processing easier, does not affect result)

• Benefits

Using relative displacement of nodes allows use of Boolean (subtract) features instead of creating non-manifold 

geometry (i.e. StressCheck crack face designation)

No special elements needed

Only one CSYS at crack origin is needed

Similar method to calculate KII and KIII

Only needs displacement

Easy!

• Drawbacks

Need many layers of crack refinement

Engineering judgement for “far away enough”

15
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Contour Integral Method (CIM)

16
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Contour Integral Method (CIM)

• StressCheck uses CIM

ANSYS uses a similar Domain Integral Method

• CIM denigrates to a “line integral”

• Sum up nodal values on a common plane and radius,

negating the need for a specified path of integration

(departure from classical CIM technique)

From Extraction of Stress Intensity Factors for the Simulation of 3-D Crack

Growth with the Generalized Finite Element Method, J. Garzon, C.A. Duarte, 

and J.P. Pereira, Key Engineering Materials Vol. 560

doi:10.4028/www.scientific.net/KEM.560.1

x1 direction

X2 direction

-π

+π

17

∑ these 

nodes

Domain Integral

Line Integral
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Contour Integral Method (CIM)

𝐾1
𝐾2

= 2𝜋
𝐴1
(1)

𝐴1
(2)

Where A is asymptotic expansion at the crack tip

𝐴1
(𝑚)

≈ ර
𝛤

𝑊𝑚𝑇𝐹𝐸 − 𝑢𝐹𝐸𝑇
𝑊𝑚 𝑑𝑠 Where the exact solution exists as ds→0, m denotes Mode I or II

ර
𝛤

𝑊𝑚𝑇𝐹𝐸 − 𝑢𝐹𝐸𝑇
𝑊𝑚 𝑑𝑠 = ර

−𝜋

+𝜋

𝑊𝑚𝑇𝐹𝐸 − 𝑢𝐹𝐸𝑇
𝑊𝑚 𝑅𝑑𝜃

𝑇𝐹𝐸 =
𝑇𝑥
𝑇𝑦 𝐹𝐸

=
𝜎𝑥 cos 𝜃 + 𝜏𝑥𝑦 sin 𝜃

𝜏𝑥𝑦 cos 𝜃 + 𝜎𝑦 sin 𝜃
=

𝜎11 cos 𝜃 + 𝜎12 sin 𝜃
𝜎12 cos 𝜃 + 𝜎22 sin 𝜃

in local coordinates at crack tip node of interest

𝑢𝐹𝐸 = 𝑢𝑥 𝑢𝑦 𝐹𝐸 = [𝑢𝑥,𝑛𝑜𝑑𝑒 − 𝑢𝑥,𝑅=0 𝑢𝑦,𝑛𝑜𝑑𝑒 − 𝑢𝑦,𝑅=0]

in local coordinates at crack tip node of interest

in local coordinates at crack tip node of interest

Wm and T(Wm) are extraction functions:

𝑊𝑚 =
𝑅
−1
2

𝐷(𝑚) 𝛹1
𝑚

𝜃 𝛹2
𝑚

𝜃 𝑇(𝑊𝑚) = −
𝐺𝑅

−3
2

𝐷 𝑚

𝑌1
𝑚

𝜃

𝑌2
𝑚

𝜃
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Contour Integral Method (CIM)

𝐷(1) = 𝜋(2𝜅 − 1)

𝐷(2) = 𝜋(2𝜅 + 3)

For Mode I

For Mode II

𝜅1 = 3 − 4ν

𝜅2 =
3 − ν

1 + ν

plane-strain

plane-stress

Determined at R & θ = 0 for StressCheck

Determined at R = radc,max, θ = 0 in next slides

To account for stresses in 3D:

γ =
𝜎𝑧

𝜎𝑥 + 𝜎𝑦
=

𝜎33
𝜎11 + 𝜎22

𝜅 = 𝜅 γ = 𝜅1 + 𝜅2 + 𝜅1
2γ

0.1
+ 1 1 −

γ

0.1

2

For γ ≤ 0.1

𝜅 = 𝜅1 = 3 − 4ν For γ > 0.1
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Contour Integral Method (CIM)

• κ(γ) is supposed to transition from κ1 to κ2, but documentation says: 

• Proposed:

𝜅 = 𝜅 γ = 𝜅1 + 𝜅2 + 𝜅1
2γ

0.1
+ 1 1 −

γ

0.1

2

𝜅 = 𝜅 γ = 𝜅1 + 𝜅2 − 𝜅1
2γ

0.1
+ 1 1 −

γ

0.1

2
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Contour Integral Method (CIM)
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Contour Integral Method (CIM)

-4

-3

-2

-1

0

1

2

3

4

-200 -150 -100 -50 0 50 100 150 200

Angle (degrees)

Ψ(1)(θ),1

Ψ(1)(θ),2

Ψ(2)(θ),1

Ψ(2)(θ),2

-5

-4

-3

-2

-1

0

1

2

3

4

5

-200 -150 -100 -50 0 50 100 150 200

Angle (degrees)

Y(1)(θ),1

Y(1)(θ),2

Y(2)(θ),1

Y(2)(θ),2

At 80° from surface (fully plane-strain)



Use or disclosure of the information contained on this sheet is subject to the restrictions on the title page.

Contour Integral Method (CIM)

Results for a Single Slice at 80° from Surface (10° from Bore)

23
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• Build Excel sheet to search and sum all nodes within a certain radial “window” (80 degrees from surface)

• Model 1:

At R=0.004”, underestimates by 6.9%

• Model 2:

At R=0.0124”, underestimates by 4.1%

24

Contour Integral Method (CIM)

radc ds rmin rmax Σ, all A1(1) A1(2) K1 K2

0.001 0.000203 0.0005 0.0015 Σ, R=0.001 139.47 -2.37 349.59 -5.93

0.002 0.000405 0.0015 0.0025 Σ, R=0.002 170.01 -2.38 426.15 -5.98

0.003 0.000608 0.0025 0.0035 Σ, R=0.003 171.55 -2.31 430.00 -5.79

0.004 0.000811 0.0035 0.0045 Σ, R=0.004 172.43 -2.26 432.22 -5.66

0.005 0.001013 0.0045 0.0055 Σ, R=0.005 169.56 -2.30 425.03 -5.76

radc ds rmin rmax Σ, all A1(1) A1(2) K1 K2

0.00103 0.000084 0.00052 0.00155 Σ, R=0.001 137.79 -1.42 345.39 -3.56

0.00206 0.000168 0.00155 0.00258 Σ, R=0.002 167.56 -1.53 420.00 -3.84

0.00309 0.000252 0.00258 0.00361 Σ, R=0.003 169.81 -1.48 425.64 -3.71

0.00413 0.000337 0.00361 0.00464 Σ, R=0.004 171.13 -1.44 428.96 -3.60

0.00516 0.000421 0.00464 0.00567 Σ, R=0.005 172.25 -1.41 431.76 -3.52

0.00619 0.000505 0.00567 0.00670 Σ, R=0.006 173.21 -1.39 434.17 -3.48

0.00722 0.000589 0.00670 0.00773 Σ, R=0.007 174.10 -1.39 436.40 -3.47

0.00825 0.000673 0.00773 0.00877 Σ, R=0.008 174.92 -1.39 438.47 -3.48

0.00928 0.000757 0.00877 0.00980 Σ, R=0.009 175.69 -1.40 440.40 -3.50

0.01031 0.000841 0.00980 0.01083 Σ, R=0.010 176.41 -1.41 442.19 -3.53

0.01134 0.000926 0.01083 0.01186 Σ, R=0.011 177.01 -1.42 443.71 -3.56

0.01238 0.001010 0.01186 0.01289 Σ, R=0.012 177.44 -1.46 444.77 -3.65
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• With two models built, what happens if we increase the radius of integration and add more layers of 

refinement?
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Contour Integral Method (CIM)

Model 4

Model 5

Model 3

Model 1

Model 2

Model 1

Model 2
Model 3

Model 4

KI AFGROW solution

Model 5 looks 

“pretty good”
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Contour Integral Method (CIM)

• Now that a baseline for a single “slice” at the crack front has been developed:

Expand method to handle global coordinates and translate based on a crack origin CSYS with the crack plane on the 

local X-Z axis

Look at the entire crack front results

Transforming into individual extraction coordinate systems using documented κ(γ) (Model 5, radc,max = 0.01248”):
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Contour Integral Method (CIM)

• Convergence study (initial) using proposed κ(γ)

Add one more model (Model 6, radc,max = 0.025”) with an increased radius of integration

Look at maximum radius of integration results and plot against others

Note: Model 2 ignored due to very large solution file 
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Contour Integral Method (CIM)

• Method requirements:

Requires nodes on or near plane of interest

Hex mesh along crack front not necessarily required (but does make matching planes easier)

Use averaged values and sum per node

Ignore midnodes unless element lengths are large (until a more elegant solution is implemented)

• Benefits

Allows use of Boolean (subtract) features instead of creating non-manifold geometry (i.e. StressCheck crack face 
designation)

No special elements needed

KII calculated alongside KI

Only needs displacement and stress in the local CSYS

• Drawbacks

Not easy

Underpredicts KI bore without a sufficient radius of integration

Underpredicts KI surface (surface “pinning” discussed by J. Hodges, et. al. AFGROW 2020?)

May overpredict at smaller crack sizes or thinner materials (ESRI Round Robin, presented AFGROW 2021)
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CIM vs. DIM
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CIM vs. DIM (Model 5)

Using documented κ(γ) Using proposed κ(γ)

radc max = 0.012375”

CIM Underpredicts by 3.3%

But maybe we’re not converged.  Look at a larger radc (next slide)…
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CIM vs. DIM (Model 6)

Using proposed κ(γ)

radc max = 0.025”

CIM underpredicts by 2.1%

Need more layers to determine 

appropriate DIM value.

-But-

Significantly increases model 

size and run time.
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STress intensity Or K Extractor (STOKE)

Introducing…
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STOKE

• Tool that works with any FE package

• User extracts “crack tube” of structured mesh 

of node numbers, positions, displacement, and 

stresses

• User defines:

crack origin and directions

materials

crack properties

crack type

crack tip node numbers

κ derivation node

• All extractions in remainder of presentation 

use STOKE to pull from the FE solution

1st node
2nd node
3rd node
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STOKE

Step 1: Enter global info Step 2: Enter nodal info Step 3: Enter crack tip nodes

Step 4: Compute SIFs
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Benchmark and Additional Problems
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• FT01 and FT02 have same CAD geometry, only boundary conditions change

36

Benchmark Models

Dimensions

h = 5 10

b = 5

a = 0.5

t = 5

Material: E = 3.0e7, ν = 0.30

Loading: Uniform unit stress

FT02/TC01 Geometry

Material: E = 3.0e7, ν = 0.30

Loading: Uniform unit stress

FT01/TC02 Geometry

Dimensions

h = 5 10

b = 5

a = 0.5

t = 5
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Benchmark Models

• FT01

Forced Plane Strain Plane Stress



Use or disclosure of the information contained on this sheet is subject to the restrictions on the title page.

• FT01

38

Benchmark Models

2019 USAF/Siemens effort
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Benchmark Models

• FT02

Forced Plane Strain Plane Stress
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Additional Problems: Countersink Model Example

• c=0.1”, t_total=0.5*c

• Radial elements: 20

• Crack front elements: 38

• 3 layers

• Load: 2500 lbs, 10ksi

• Half width = 1in

• thickness =0.25in

• diameter =0.25in

• CS depth = 0.1”, 45 degrees
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To Do

• DIM:

Convergence studies

Optimization of meshing techniques

Automate extraction

Incorporate displacement transformation from global CSYS to crack origin local CSYS

Plane-stress to plane-strain conversion

• CIM:

More convergence studies

Optimization of meshing techniques (better technique discovered during ESRI Round Robin)

Larger integration radius requires fewer crack front elements (due to math formulation…for now)

• Both:

Implement in NX Open?

Refine VBA

ttotal=0.5*c

Buffer size = ttotal/3
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Conclusion

• CIM and DIM can be used to approximate SIFs using conventional FEA packages with no additional add-

ons, special elements, or output requests

• Meshing methods are the single most important factor in the accuracy of extracting SIFs

• More example cases are needed to determine best practices and limitations

• Robust crack tube refinement desired, but FEA package developers are unlikely to offer (for now)

• Methods that interpolate between nodal values may offer a more elegant and accurate solution (recently 

implemented)

• STOKE provides an experimental environment to assess SIF extractions from any FEA solver
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Questions?
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Backup
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Initial Models

• Both models are exceptionally large:

Model 1

5 “rings” over Ø0.01”, 31 radial elements

DOFs: 601,932

Elements: 60,898

Solution file: 150MB

Model 2

12 “rings” over  Ø0.02475”, 77 radial elements

DOFs: 1,844,088

Elements: 159,817

Solution file: 435MB

• What is the best combination of number of layers, crack 

tube diameter, and element size?

Follow-on Models

Model 3

3 “rings” over  Ø0.02475”, 31 radial elements

DOFs: 1,061,442

Elements: 117,351

Solution file: 273MB

Model 4

3 “rings” over  Ø0.02475”, 12 radial elements

DOFs: 254,034

Elements: 26,618

Solution file: 64MB

Model 5

3 “rings” over  Ø0.02475”, 20 radial elements

DOFs: 564,426

Elements: 61,511

Solution file: 88MB (only requested displacement 

and stress)

46
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Follow-on Models

Model 6

3 “rings” over  Ø0.05”, 20 radial elements

DOFs: 337,104

Elements: 35,276

Solution file: 52MB (only requested displacement 

and stress)
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Benchmark Models

ttotal = 0.5*c per 

previous slides (0.25”)

radc = 0.125”

31 elements along front



Use or disclosure of the information contained on this sheet is subject to the restrictions on the title page. 49

Benchmark Models

1 psi loading

Fixed global-Y

(for plane 

strain models)

Fixed

FT01

Fixed global-Y

(for plane 

strain models)

Symmetric

FT02


